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Muon Beam Ring Cooler by V. Balbekov
(Pictures: Courtesy of Balbekov)
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Map Method

The transfer map is the flow of the
system ODE.

—_—

z, = M(z,,5)

The Differential Algebraic (DA)
method allows the computation and
manipulation of maps efficiently and

elegantly.

For a repetitive system, only one cell
has to be computed. Thus, much faster
than tracking codes.

The Normal Form method can be used
for analysis of nonlinear behavior.



The Particle Optical Equations of Motion

g~ 2= a-{l—i—hm)-@
p:
y = b-(1+hz)-2
p:
; 1+?? Lo
' = (1+68y) (1 + hz o
™) ) 1+m p:
: 1 E B, - _
i = ({H%. tn w B _ B, . m B
l+m p: XE0O  XMo P: XMo
(1+hz)-(1+6)+h B2
P
E, B, _
7 = ( S.itn m B B m B
1+m p. XEo X MD P: XMo

Y L o
XED = 1 XMO = """
Zne e

mq]lf??‘ : I:]- T fliT.'l:}

/ ‘
p—: = VIE1+'§ }E' T}[J_i_ﬁ] _ﬂ‘:‘_bﬂ

Pu mo(2 + mo)

= :.E’.
by

(f{n . l:l + 5},) | it f:| - 53) : -V{I}y,ﬂjl)



DA Fixed Point Theorem

Differential Algebra ,D, : in v vanables up to order n.

Definition (Depth) To any element [f] € ,[),, we define the depth

Alf]) = Order of first nonvanishing derivative of f if [f] # 0

Definition (DA Contracting Operator) Let O be an operator on
the set M C ,D". O is contracting on M if forany a@, b€ M witha # b,

A(O(@) — O(b)) > A(@ - b).

Remark: F’raftiﬂal]}' this means that after application of O, the deriva-
tives in @ and b agree to a higher order than before application of O.

Example: The antiderivation d; '

Theorem (DA Fixed Point Theorem) Let O be a contracting
operator on M C D, that maps M into M. Then O has a unigque
fizred point a € M that satisfies the fired point problem

a = O(a).
Moreover, let ay be any element in M. Then the sequence
ap = ﬂ[ﬂtq] fﬂT k= 1,1

converges in finitely many steps, at most (n + 1) steps, to the fired
point a.



DA Fixed Point PDE Solvers

The DA fixed point theorem allows to solve PDEs iteratively
in finitely many steps by rephrasing them in terms of a fixed point
problem.

Consider the rather general PDE
9, d 0 7, d d
HIE (EI-QHI ) +b1d (b‘gd ) + ﬂl'gz' ({gan] — {:I;.

where a;, b;, ¢; are functions of z, y, z.

The PDE is re-written as

= V] fﬁ = (h;}v)
Ay y=0

f( 9, ( dv] rlr}( dv))di
]Er«:.“ el WPer N e

in fixed point form.

V

Assume the derivatives of V and 3V /dy with respect to z and =z are
known in the plane y = (. Then the right hand side is contract-
ing with respect to y, and the various orders in y can be iteratively
calculated by mere iteration.



Analytical Field on Axis
for a thick Solenoid
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Kick Approximation V.S. COSY Computation
Short Section Kinetic Energy 250 MeV.

1) Transfer Map with Kick Approximation in the Asymptotic Fields

-0.1467136 -0.9637261 -0.2022731E-03 0.584577T4E-04 1000

1.015304 -0.1467136 0.3060451E-11-0.2022730E-03 0100
0.2022731E-03-0.584577T4E-04-0. 1467136 -0.9637261 0010
-0.3060451E-11 0.2022730E-03 1.015304 =0.1467136 0001

Omitted ...

-2.968705 1.388108 1.284507 1.099203 5000
-12.74829 -1.191336 1.970436 4,189763 4100
-22.23560 -5.817135 -0.2996768 5.761626 3200

* The consistency was checked with linear matrices supplied by Balbekov.

2) Transfer Map with Kick Approximation in the Realistic Fields

0.3762572E-01 -0.9144481 0.1324007E-03 0.9123892E-05 1000
1.092008 0.3762572E-01 0.1216993E-10 0.1324008E-03 0100
-0.1324007E-03 -0.9123892E-05 0.3762572E-01-0.9144481 0010
-0.1216993E-10 -0.1324008E-03 1.092008 0.3762572E-01 0001
Omitted ...
-4 559878 2.194351 1.925709 2.734348 5000
-14 .03917 1.790312 1.247951 8.100432 4100
-26.15120 -0.5027561 -4 . 741542 9.421870 3200

3) Transfer Map Computed with Fringe Fields by COSY

0.9113584E-02-0.9101484 0.2707143E-04-0.8741688E-06 1000
1.098631 0.9113584E-02-0.1597370E-05 0.2707097E-04 0100
-0.2707143E-04 0.874168B8E-06 (.9113584E-02-0.9101484 Q010
0.15973TOE-05-0.2707097E-04 1.098631 0.9113584E-02 0001
Omitted ...
-4.919054 1.095873 0.6296333 1.603693 5000
-14 58589 0.6387705 -(. 2037065 4.302134 4100
-24 12332 -1. 227331 =3.197681 3.442199 3200



Muon Beam Ring Cooler by V. Balbekov
(Pictures: Courtesy of Balbekov)
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Balbekov's Kick Approximation V.S. COSY Computation
Long Section (Length 6.68m, Inner radius 81cm, Coil thickness 3.5cm to 10.5cm)

Linear Transfer Map with Balbekov’s Kick Approximation (Full Aperture)

-0.1563521E-02 0.4816040E-01-0.3071766E-01 0.9461698 1000
-0.5360646E-01-0.15635661E-02 -1.053164 -0.3071766E-01 0100
0.3071766E-01-0.9461698 -0.1563521E-02 0.4816040E-01 0010
1.053164 0.3071766E-01-0.5360646E-01-0.1563561E-02 0001

Linear Transfer Map Computed with Fringe Fields by COSY (Full Aperture)

0.2349601 0.7548866 0.8860107TE-01 0.2030465 1000
-1.157433 0.247T7034 -0.3113219 0.4122390E-01 0100
-0.8860107E-01-0.2030465 0.2345601 0. 7548866 0010
0.3113219 -0.4122390E-01 -1.157433 0.2477034 0001

Difference between the Kick Approximation and COSY with Smaller Aperture

3

25

1.5

Ditlerence




Trace

200

Hard Edge, Infinitely Long
Hard Edge, Finitely Long

Traces of 1/2 Ring with Various Solencid Models (Bending: Hard Edge Model, B=1.45T, angle=45)
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Conclusion omd Outlesk

- There eore Strong resonawnce

strucrures with /wivewy FF,

- The FF effects howe o dremodic

Twpoect™ on pevtormoanc.

Next stuwdies ...

- Whet s tha impect of domping
o +ha ?vf&rmnnm.



